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We study RN/CFT correspondence for four dimensional extremal Reissner–Nordstrom black hole. We 
uplift the 4d RN black hole to a 5d rotating black hole and make a geometric regularization of the 
5d space–time. Both hands central charges are obtained correctly at the same time by Brown–Henneaux 
technique.
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To fully understand Bekenstein–Hawking entropy of a black 
hole in a microscopic point of view is still a challenge. An impor-
tant progress has been made in [1] by using the Brown–Henneaux 
technique [2], i.e. the Kerr/CFT correspondence. The central charge 
of the dual CFT reproduces the exact Bekenstein–Hawking entropy 
of the 4-dimensional extremal Kerr black hole by Cardy’s formula. 
This method has been extensively studied for Kerr black hole and 
other more general rotating black holes [3–16]. However, in the 
original Kerr/CFT method, the Virasoro algebra was realized only 
from an enhancement of the rotational U (1) isometry, which cor-
responds to left hand central charge, not from the SL (2, R). Later, 
it was found that the right hand central charge of rotating black 
holes can be obtained by delicately choosing appropriate boundary 
conditions, [17–28].
Nevertheless, the method in Kerr/CFT correspondence cannot 
be directly applied to non-rotating charge black holes, such as 
Reissner–Nordstrom (RN) black hole. One found that the central 
charge for 4d RN black hole vanishes by directly using the Brown–
Henneaux technique. One possible way to solve the problem is 
to uplift the space–time to higher dimensions. The left hand cen-
tral charge cL = 6Q 2 of 4d extremal RN black hole was obtained 
by uplifting it to 5 dimensions [4,9,24,29–31]. The other possible 
way is to consider a 2-dimensional effective theory of 4d extremal 
RN black hole via a dimensional reduction following the idea in 
[19], by which the right hand central charge cR = 6Q 2 of 4d ex-
tremal RN was obtained in [31,32]. Although both hands central 
charges can be obtained, but one has to use difference method. It 
* Corresponding author.
E-mail addresses: eric1028.ep01@nctu.edu.tw (E.-J. Kuo), 
yiyang@mail.nctu.edu.tw (Y. Yang).http://dx.doi.org/10.1016/j.physletb.2016.02.013
0370-2693/© 2016 The Authors. Published by Elsevier B.V. This is an open access article
SCOAP3.is an interesting question whether we are able to calculate both 
hands central charges for extremal RN black hole at the same time 
by choosing appropriate boundary conditions as in the case of 
Kerr/CFT. The answer is yes, but with a geometric regularization.
In this paper, we calculate both hands central charges for 4d 
extremal RN black hole by using the Brown–Henneaux technique. 
We ﬁrst uplift the 4d RN black hole to a 5d black hole, following 
the idea in [27], we then deform the 5d black hole by a geomet-
ric regularization. Both hands central charges cR = cL = 6Q 2 are 
obtained in this way at the same time.
The paper is organized as follows. In section 2, we brieﬂy re-
view the near horizon geometry of 4d extremal RN black hole. 
We then uplift 4d RN black hole to 5d and calculate both hands 
asymptotic Killing vectors in section 3. In section 4, we deform the 
5d black hole by the geometric regularization to obtain both hands 
central charges. Our conclusion and discussion are included in sec-
tion 5.
2. Near horizon geometry of 4d extremal RN black hole
In four dimensions, the Einstein–Maxwell theory
S4 = 1
16πG4
∫
d4x
√−g4
(
R4 − F 2
)
, (1)
admits a unique spherical electro-vacuum solution, the RN black 
hole. The metric of 4d non-extremal RN black hole is
ds2 = − f (r)dt2 + dr
2
f (r)
+ r2d22, (2)
where d22 = dθ2 + sin2 θdφ2 and
f (r) = 1− 2m + q
2
2
, A = −qdt. (3)r r r
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r± =m ±
√
m2 − q2. (4)
The Hawking temperature and black hole entropy can be calculated 
as follows,
TH = κ
2π
= r+ − r−
4πr2+
, SBH = A
4G4
= πr
2+
G4
. (5)
In the extremal limit of RN black hole, i.e. r+ = r− = m = q, we 
have
f (r) =
(
1− q
r
)2
, (6)
and
TH = 0, SBH = πq
2
G4
= π Q 2, (7)
where we deﬁned Q ≡ q/√G4.
To consider the near horizon limit, r → r+ , we make the fol-
lowing coordinates transformation,
ρ = r − r+
q
, τ = t
q
, (8)
and take the limit  → 0. Finally, the metric of 4d near horizon 
extremal RN black hole is obtained as
ds2 = q2
(
−ρ2dτ 2 + dρ
2
ρ2
+ d22
)
, (9)
A = qρdτ . (10)
3. Central charges by uplifting to ﬁve dimensions
Direct calculation following the method of Kerr/CFT in [1]
shows that the central charges of the 4d extremal RN black hole 
always vanish. This is because the U (1) symmetry of rotation in 
Kerr black hole does not exist in the RN black hole, in which the 
U (1) symmetry behaves as gauge symmetry. To get non-zero cen-
tral charge, a possible way is to uplift the 4d RN black hole into 
5-dimensional space–time with the extra dimension compactiﬁed 
on a circle as in [4,31]. The metric of the uplifted 5-dimensional 
black hole can be expressed as,
ds2 = q2
(
−ρ2dτ 2 + dρ
2
ρ2
+ d22
)
+ (dy + A)2
= q
2dρ2
ρ2
+ q2d22 + dy2 + 2qρdτdy, (11)
A(2) =
√
3qρdτ ∧ dy, (12)
where A(2) is a gauge 2-form and the new coordinate y is com-
pactiﬁed on a circle with a proper period [30] y = y + 2πq. The 
metric (11) with the 2-form (12) is a solution of 5d Einstein–
Maxwell theory,
S5 = 1
16πG5
∫
d4x
√−g5
(
R5 − 1
12
F 2(3)
)
, (13)
where G5 = 2πqG4 and F(3) = dA(2) . We should notice that the 
2-form ﬁeld A(2) has no contribution to the central charge based 
on the argument in [6,29].
To get the expected leading behavior of asymptotic Killing vec-
tor (AKV) with both hands, we carefully choose the following 
boundary condition,⎛
⎜⎜⎜⎜⎝
hττ =O (1) hτρ =O
(
ρ−2
)
hτθ =O
(
ρ−1
)
hτφ =O
(
ρ−1
)
hτ y =O (1)
hρρ =O
(
ρ−3
)
hρθ =O
(
ρ−2
)
hρφ =O
(
ρ−2
)
hρ y =O
(
ρ−1
)
hθθ =O
(
ρ−1
)
hθφ =O
(
ρ−1
)
hθ y =O
(
ρ−1
)
hφφ =O
(
ρ−1
)
hφ y =O
(
ρ−1
)
hyy =O (1)
⎞
⎟⎟⎟⎟⎠ .
(14)
The AKV is obtained by solving the asymptotic Killing equation 
Lζ
(
gμν + hμν
)∼ hμν with the corresponding boundary condition. 
We note that a weaker boundary condition will cause the AKV be-
ing ill-deﬁned and further restriction will rule out the interesting 
excitations. The AKV associated to the above boundary condition 
(14) is
ζ =  (τ ) ∂τ +
[−ρ∂τ  (τ ) − ρ∂yη (y)] ∂ρ
+
[
η (y) − q∂2τ  (τ ) /ρ
]
∂y, (15)
where  (τ ) and η (y) are arbitrary functions of τ and y, respec-
tively. The left hand and right hand AKVs read
ζ L = −ρ∂yη (y) ∂ρ + η (y) ∂y, (16a)
ζ R =  (τ ) ∂τ − ρ∂τ  (τ ) ∂ρ − q
ρ
∂2τ  (τ ) ∂y . (16b)
Since y = y +2πq is periodic, we can express the function η (y) as 
its Fourier bases e−iny/q . Similarly, if we assign a period for τ with 
τ = τ + 2πβ with β an arbitrary real number, the function  (τ )
can be expressed by e−inτ/β . With appropriate normalizations, we 
can write
ηn (y) = −qe−in
y
q , n (τ ) = −βe−in
τ
β . (17)
The corresponding AKVs
ζ Ln = −inρe−in
y
q ∂ρ − qe−in
y
q ∂y, (18a)
ζ Rn = −βe−in
τ
β ∂τ − inρe−in
τ
β ∂ρ − n
2q
ρβ
e−in
τ
β ∂y, (18b)
compose two copies of Virasoro algebra without central extension 
as expected,
i
[
ζ Lm, ζ
L
n
]
= (m − n) ζ Lm+n, (19a)
i
[
ζ Rm , ζ
R
n
]
= (m − n) ζ Rm+n. (19b)
To obtain the central charges, we deﬁne the asymptotic charge Q ζ
associated to the AKV ζ as,
Q ζ = 1
8πG5
∫
∂
kζ [h, g] , (20)
where the 2-form kζ is deﬁned for a perturbation hμν around the 
background metric gμν [3],
kζ [h, g] = 1
2
[
ζν∇μh − ζν∇σhσμ + ζσ∇νhσμ
+ 1
2
h∇νζμ − hσν ∇σ ζμ
+ 1
2
hνσ
(∇μζσ + ∇σ ζμ)
]
∗ (dxμ ∧ dxν) , (21)
where ∗ denotes the Hodge dual, and  is the 4-dimensional 
equal-time hypersurface at τ = const.
The Dirac bracket of the asymptotic charge is given by
{
Q ζm , Q ζn
}
DB = Q [ζm,ζn] +
1
8πG5
∫
kζm
[
Lζn g¯, g¯
]
. (22)∂
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Ln ≡ Q ζn + αδn,
with α an arbitrary c-number. With the usual rule of Dirac brack-
ets 
{
Q ζm , Q ζn
}
DB → −i 
[
Q ζm , Q ζn
]
, the commutation relations of 
the generators Ln can be calculated as
[Lm, Ln] = i
{
Q ζm , Q ζn
}
DB
= (m− n) Lm+n + i
8πG5
∫
∂
kζm
[Lζn g¯, g¯] , (23)
where L is Lie derivative. Plugging AKVs (18) into the 2-form (21), 
we obtain
i
8πG5
∫
∂
kLζm
[Lζn g¯, g¯]= q
2
2G4
(
m3 +m
)
δm+n
= Q
2
2
(
m3 +m
)
δm+n, (24a)
i
8πG5
∫
∂
kRζm
[Lζn g¯, g¯]= 0. (24b)
Comparing to the standard commutation relations of Virasoro al-
gebra,
[Lm, Ln] = (m− n) Lm+n + c
12
(
m3 −m
)
δm+n, (25)
the central charges are read as,1
cL = 6Q 2, cR = 0. (26)
We see that the above calculation only gives us the correct left 
hand central charge with the right hand central charge vanishing. 
However, because there is no gravitational anomaly, we expect that 
cL = cR . In next section, we will make a geometric regularization 
of the 5d black hole and obtain the correct both hands central 
charges together.
4. Geometric regularization
At the boundary ρ = const → ∞, the 5d metric (11) reduces to
ds2 = q
2dρ2
ρ2
+ q2d22 + dy2 + 2qρdτdy → 2qρdτdy. (27)
In the above calculation, we took the “equal-time hypersurface” 
 with τ = const when we deﬁned the asymptotic charge Q ζ in 
Eq. (20). However, it is easy to see that ds2 → 0 for τ = const from 
Eq. (27), so that  is not a space-like surface but a light-like one 
on the boundary. Therefore our naive choice of the “equal-time 
hypersurface”  causes problem when we consider the asymptotic 
behavior near the boundary. To deﬁne a space-like surface at the 
boundary, we follow [27] to regularize the 5d geometry by a coor-
dinates transformation,
τ ′ = τ − ay, y′ = y, (28)
where a is the regularization parameter. We should remark that 
the resulted central charges should be independent of the regular-
ization parameter a.
With the coordinates transformation (28), the 5d black hole 
metric (11) becomes
1 The term linear in m plays no essential role here, since it can be shifted arbi-
trarily by the c-number α in the deﬁnition of the generators Ln .ds2 = q
2dρ2
ρ2
+ q2d22 + (1+ 2aqρ)dy′2 + 2qρdτ ′dy′, (29)
which, at the boundary ρ = const → ∞, reduces to
ds2 → 2aqρdy′2 + 2qρdτ ′dy′. (30)
Now the shifted “equal-time hypersurface” ′ with τ ′ = const be-
comes a space-like surface ds2 → 2aqρdy′2.
We also note that, to respect the periodicity y = y + 2πq, we 
should ﬁx the period of τ by β = aq in Eq. (17) and the AKVs can 
be rewritten by the new coordinates 
(
τ ′, y′
)
as
ξ Ln = aqe−in
y′
q ∂τ ′ − inρe−in
y′
q ∂ρ − qe−in
y′
q ∂y′ , (31a)
ξ Rn = −
(
aq + n
2
ρ
)
e
−in
(
τ ′
a +y′
)
/q
∂τ ′ − inρe−in
(
τ ′
a +y′
)
/q
∂ρ
− n
2
aρ
e
−in
(
τ ′
a +y′
)
/q
∂y′ , (31b)
which also satisfy Virasoro algebra without central charge as in 
Eq. (19). Similar calculations can be carried on with the results,
i
8πG5
∫
∂
kLζm
[
Lζn g¯, g¯
]= q2
2G4
(
m3 +m
)
δm+n
= Q
2
2
(
m3 +m
)
δm+n, (32a)
i
8πG5
∫
∂
kRζm
[
Lζn g¯, g¯
]= q2
2G4
m3δm+n = Q
2
2
m3δm+n. (32b)
Comparing to the standard commutation relations of Virasoro al-
gebra (25), the above results lead to the correct both hands central 
charges of 4d extremal RN black hole,
cL = cR = 6Q 2. (33)
We see that the central charges are indeed independent of the reg-
ularization parameter a as we promised.
Together with the CFT temperature of both hands [31,32],
TL = 1
2π
, TR = 0, (34)
we obtain the microscopic entropy by Cardy’s formula from the 
central charges (33),
S = π
2
3
(cL T L + cR T R) = π Q 2, (35)
which correctly reproduces the Bekenstein–Hawking entropy of the 
extremal RN black hole (7).
5. Conclusion
In this paper, we studied near horizon geometry of 4d ex-
tremal RN black hole. We uplifted the 4d extremal RN black hole 
to a 5d black hole, and deformed the 5d black hole by a geomet-
ric regularization. Both hands central charges of 4d extremal RN 
black hole cL = cR = 6Q 2 were correctly obtained by using the 
Brown–Henneaux technique. The crucial step to get the result is 
the geometric regularization by which the shifted “equal-time hy-
persurface” becomes space-like. The resulted central charges are 
independent of the regularization as we expected.
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